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ABSTRACT

A two-coloured digraph D® is a digraph each of whose arc is coloured by red or
blue. An (h,k)-walk in a two-coloured digraph is a walk of length (h+k)

consisting of h red arcs and k blue arcs. A two-coloured digraph D® is primitive
provided that for each pair of vertices u and v there exists an (h,k)-walk from u to

v. The inner local exponent of a vertex v in D®, denoted as expin(v, D®), is the
smallest positive integer h+k over all nonnegative integers h and k such that for
each vertex u in D@ there is an (h,k)-walk from u to v. We study the inner local
exponent of primitive two-coloured digraphs consisting of exactly two cycles of
length s+1 and S, respectively. Let u, be the vertex of indegree 2 in D®®. For each

vertex v in D®, we show that expin(v,D®) = expin(u,, D) +d(u,,v) where
d(u,,V) is the distance from u, to v.

Keywords: primitive digraph, two-coloured digraph, local exponent, bi-cycles.

1. Introduction

Let D be a digraph. A walk of length k from u to v is a sequence
of arcs of the form u—v,v, >V,,...,v,;, >Vv. We use the notation
u—-—v walk to represent a walk of length k from u to v. A u—v path

is a u—v walk with distinct vertices except possibly u=v. A cycle is a
u—Vv path with u=v. The distance from vertex u to vertex v, denoted by
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d(u,v), is the length of the shortest u —v path. A digraph D is strongly

connected if for each pair of vertices u and v there is a u—v walk and a
v—u walk. A bi-cycles is a strongly connected digraph consisting of
exactly two cycles.

A strongly connected digraph D is primitive provided there is a
positive integer k such that for each pair of vertices u and v there exists a

u—~—v walk. The smallest of such positive integer k is the exponent of
D and is denoted by exp(D). Brualdi and Liu, 1990, introduced the notion

of local exponent of digraph. Let D be a primitive digraph on n vertices
{v;,V,,...,v,}. The local exponent of a vertex v, in D, denoted as

exp(v,, D), is the smallest positive integer m such that for each vertex
v,,i=12,...,n, in D thereisa v,——v, walk in D.

A two-coloured digraph D@ is a digraph such that each of its arcs is
coloured by either red or blue. For nonnegative integers h and | with
h+1>0,an (h,I)-walk in a two-coloured digraph D® is a walk consisting
of h red arcs and | blue arcs. An (h,l)-walk from u to v is also denoted
by u—®D v walk. For a walk W in D® we denote r(W) to be the
number of red arcs in W and b(W) to be the number of blue arcs in W. The

W
length of W is IW)=r(W)+bW) and the vector L;EW;} is the
composition of the walk W.

The notions of primitivity and exponent of digraphs have been
generalized to that of two-coloured digraphs. A strongly connected two-
coloured digraph D® is primitive provided that there exist nonnegative
integers h and | such that for each pair of vertices u and v in D® there is
an (h,I)-walk from u to v (Fornasini and Valcher, 1998). The smallest of
such positive integer h+1 is the exponent of D® and is denoted by
exp(D®) (Shader and Suwilo, 2003).

For a primitive two-coloured digraph on n vertices {v,,v,,...,n}, we

define the inner local exponent of the vertex v,,denoted as expin(v,, D?),
to be the smallest positive integer h+1 over all pairs of nonnegative
integers h and | such that for each vertex v,,i=12,...,n, there is a
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v, —&D v walk. See a similar definition of local exponent in Gao and
Shao, 2009.

We discuss the inner local exponents of primitive two-coloured bi-
cycles whose lengths differ by 1. In Section 2, we discuss a lower and an
upper bound for local exponent and primitivity of two-coloured bi-cycles
whose lengths differ by 1. In Section 3, we present main result on the inner
local exponents of two-coloured bi-cycles.

2. Necessary Background

In this section we discuss primitivity of two-coloured bi-cycles
whose length differ by 1. We then discuss a lower and an upper bound for
the local exponents.

Let D@ be a strongly connected two-coloured digraph and let g>2
be a positive integer. Let the set of all cycles in D® be C={C,,C,,...,C }.

We define a cycle matrix of D® to be a 2 by g matrix

| r(€) r(C) - r(Cy)
[b(C) b(C,) - bEC) |’

that is M is a matrix such that the ith column of M is the composition of the
ith cycle C,,i=1,2,...,9. The content of M is 0 whenever the rank of M is

1, and the content of M is the greatest common divisors of the determinants
of 2 by 2 submatrices of M, otherwise. A two-coloured digraph D® is
primitive if and only if the content M is 1 (Fornasini and Valcher, 1998).

Let D be a bi-cycles consisting of the cycle

ClivyoV, >V, >V, DV, , >V o —V

of length s+1, and the cycle

C,vy >V, >V, DV, >V DV oV
of length s for some positive integer s. As a direct consequence of the result
of Fornasini and Valcher, 1998, the following is an algebraic

characterization on the primitivity of two-coloured bi-cycles.
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Corollary 2.1. Let D be a strongly connected primitive two-coloured bi-
cycles with cycles of lengths s+1 and s, respectively. The cycle matrix of

D@ is either of the form
s s-1 11
or )
[1 1 } [s s—l}

Since changing all arcs colouring from red to blue and from blue to red does
not alter the local exponents, we may assume without loss of generality that
the cycle matrix of D@ is the matrix

s s-1
M:L : } &)

From (1) we conclude that either D® has two blue arcs or D® has only
one blue arc.

The following two propositions, due to Suwilo, 2011, will be useful in order
to determine an upper bound for local exponents.

Proposition 2.2. Let D® be a primitive two-coloured bi-cycles. Suppose
v, is a vertex that belongs to both cycles. If for some positive integers h and

|, there is a path R, , from v; to v, such that the system

r(P
My s (R, v) _[n
b(R,.,) | LI
has nonnegative integer solution, then there is an (h,I)-walk from v, to v,.

Proposition 2.3. Let D® be a primitive two-coloured digraph. Let W be a
vertex in D® with the local exponent expin(w, D). Then for each vertex

uin D@, expin(u, D®) <expin(w, D) +d(w,u).

The following result will be useful in determining a lower bound for inner
local exponent for primitive two-coloured bi-cycles
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Lemma 2.4. Let D® be a primitive two-coloured bi-cycles consisting of
r(C,) r(C
() r( z)} o
b(C,) b(C,)
det(M) =1. Suppose expin(v,,D®) is obtained by (h,I)-walks . Then

two cycles C, and C, with cycle matrix M:{

h >M b(Cz)r(Pvi,v‘)_r(CZ)b(Pvi,vt)
1= reb®, ) -bE)r e, )

for some paths P

Vi Vi

and ij "

Proof. Considering a closed walk from v, to itself, there are nonnegative

h f
integers f, and f, such that L }:M{fl} . Since every walk can be

2

1] |b(R,.)

some path B, . from v, to v, and some nonnegative integer vector z.

h] [r(R.)
decomposed into a path and some cycles, then { }{ :|+Mz, for

f r(R,.)
Comparing these equations we have z=| * |-M™ o [=0.
f2 b(l:)vI ,v[)

fl} 1|:r(Pv~v } l:b(cz)r(vav)_r(Cz)b(R/-v):|
>M~ = o S

Hence[fz b(R,.,) || (bR, ) -bCI(P, )

Thus f, 2b(C,)r(R, ,)-r(C,)b(R, ,) for some path P, ,. Similarly, we
have f,> r(Cl)b(PVJ_ 'V‘)—b(Cl)r(PVJ_ +) for some path P, Therefore,

],y [PCIT R TR,
1™ re)b(R, ) ~bECr(R, )

for some paths R, , and P, .

From Lemma 2.4 we conclude that
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expin(v;,D®) > 1(C,)(b(C,)r(R, ,)-r(C,)b(R, )

H(C,)(r(C)b(R, , ) -b(C)r(R, ,))-
for some paths P, , and ij,vt-

)

3. Results

In this section we discuss the local exponents of the class of two-

coloured bi-cycles D® on n vertices {v,v,,...,v,} whose cycle lengths

differ by 1. For the rest of the paper let D® be a two-coloured bi-cycles

whose underlying digraph is the digraphs that consists of exactly the cycle
Cliv, >V, >V, >V, >V

s+1 sv2 2 Vs VL

of length s+1, and the cycle

C,vy >V, >V, DV, >V DV oV

c+l

of length s for some positive integer s. We note that C, and C, have c

vertices in common. By Corollary 2.1, the bi-cycles D® has at most two
blue arcs. Hence we split the discussion depending on how many blue arcs
D® has and the position of the blue arcs.

We begin with the case where D® has only one blue arc. Corollary
2.1 guarantees that each cycle has one blue arc. This implies the blue arc of
D® must be of the form v, —»v,,, forsome 1<x<c-1.

x+1

Theorem 3.1. Let D® be a primitive two-coloured bi-cycles consisting
cycles of lengths s+1 and s, respectively. If D® has a unique blue arc
v, >V,,, for some 1<x<c-1, then expin(v,,D?®)=s*—x+d(v,v,) for
all t=12,...,n.

Proof. We first show that expin(D®,v,)>s®—x+d(v,v,) for all
t=12,...,n. We assume that there is a v ,—®2 5v walk and a
v, —"2 5y, walk, and define g, =b(C,)r(P, ,)-r(C,)b(R,_ ,) and
d, =r(C)b(R, ,)—b(C)r(R, ,). We consider two cases depending on the
position of the vertex v,.
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Case 1: The vertex v, lies on the v, — v, path. There are two paths P,

from v, to v,. They are an (s—x+d(v,Vv),0)-path and an
(s—x+1+d(v,V,),0)-path. Considering the (s—x+d(v,V,),0)-path we
have g, =b(C,)r(R,__,)—r(Cyb(R, ,)=s—x+d(v,V,). Considering
the (s—x+1+d(v,V,),0)-path we find that g, =s—x+d(v,v,)+1. So we
conclude that g, =s—x+d(v,,v,).

There are two paths P from v, to v,. They are an

(s—x+d(v;,Vv,),1)-path and an (s—x+d(v,,v,)+11)-path. Considering the
(s—x+d(v,,v,),1)-path we have

g, =r(C)r(R, ) =b(C)Ib(R, ,)=x—-d(v;,v).

Considering the (s—x-+d(v,Vv,)+11)-path we have g, =x-d(v,v,)—1.
So we conclude that g, = x—d(v;,Vv,) —1.

From (2) we conclude that
expin(v,,D®) > (s +1)q, +sq, =s* —x+d(v,,V,) (3)
for all vertices v, that lie on the v, — v, path.

Case 2: The vertex v, liesonthe v, , —»v, pathor v,,, — v, path. There is

X+1 X+1

a unique path B, from v, to v, which is a (d(v,,,,v,),0)-path. Using

X+1 Xx+1?

this path we have g, =d(v,.,,V,). There is a unique path P, , from v, to

X+17
v, which is a (d(v,,,,v,).1)-path. Using this path we have
g, =s—d(v,,,Vv,). From (2) we conclude that

expin(v,, D?) > (s +1)q, +sqg, =s” —x+d(v,,V,) (4)

for all vertices v, that lie onthe v, — v, pathor v, — v, path.

x+1 X+1

From (3) and (4) we conclude that
expin(v,,D®)>s* —x+d(v,V,) (5)
forall t=12,...,n.
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We next show that expin(v,,D?) <s® —x+d(v,,v,) forall t=12,...,n. We
firts show that expin(v,, D”) < s® — x. That is we show that for every vertex
Vot=12,...,n, there is a v, —") 5y walk with h=s*-s—-x+1 and
| =s—1. By Proposition 2.2 it suffices to show that the system

Mz+l:r(Pv[,vl)}=|:Sz—S—X+1:| (6)
b(PvI,vl) s-1

has nonnegative integer solution for some path F, , from v, to v,.

The solution to the system (6) is the integer vector

S—X+ Sb(F)v,,vl) - r(R/t,vl) _b(Pvt,vl
X—1+ r(Pvt,vl)_Sb(Pv‘,vl) .

If the wvertex v, lies on the path v, —»v, path, then there is a
(s—d(v,v,),1)-path from v, to v,. Using this path we have
z,=s—-x+d(v,v,) and z,=x-1-d(v,Vv,). Since s>x we have z >0
and since d(v,,v,)<x-1 we have z,>0. If the vertex v, lies on the
v,,, =V, path, then there is an (s+1-d(v,,v,),0)-path from v, to v,.
Using this path we have z, =d(v,,v,)—(X+1) and z,=x+s—d(v,V,).
Since d(v;,v,)>x+1 we have z, >0, and since s>d(v,v,) we have
z,>X. If the vertex v, lies on the v_, —v, path, then there is an
(s—d(v,Vv,))-path from v, to v,. Using this path we have z, =d(v,,V,) — X
and z, =x-1+s-d(v,Vv,). Since d(v,v,)>x we have z >0, and since
s—1>d(v,v,) we have z, >x. If the vertex v, lies on the v, — v, path,
then there is an (s+1-d(v,,V,),0)-path from v, to v;. Using this path we
have z, =d(v,,v,)—x—-1and z, =x+s—-d(v,v,). Since d(v;,v,) >x+1 we
have z, >0, and since s>d(v,,v,) we have z, > x.

Therefore for each vertex v,, t=1,2,...,n, there is a path Pv,,vl from

v, to v, such that the system (6) has a nonnegative integer solution.
Proposition 2.2 guarantees that for each v,,t=1,2,...,n, there is a

v,—D 5y walk  with h=s’-s—x+1 and I=s-1. Thus
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expin(v,,D?)<s®’~x and  from (5) we conclude that
expin(v,,D?)=s*>~x. Now  Proposition 2.3  guarantees  that
expin(v,,D?) <s? —x+d (v, V,).

We next discuss the case where the two-coloured bi-cycles D®
contains two blue arcs. The cycle matrix M in (1) implies that each cycle
of D® must contain one blue arc. Let v, —v,_,, be the blue arc that lies on

C, but not on C, and let v, — v, , be the blue arc that lies on C, but not

on C,. We first consider the case where the two blue arcs have the same
initial vertex.

Theorem 3.2. Let D be a primitive two-coloured bi-cycles with cycles of

length s+1 and s, respectively. If D® has two blue arcs v, - v, and
V, >V, then expin(y,,D?)=s®+d(v,,,v,)+d(v,v,) for all

t=12,...,n

s+1?

Proof. We note that d(v.,,v,)=d(v,,,v)-1. We show that
expin(v,,D?)>s* +d(v,,,,v,) +d(v,v,) for all t=1,2,...,n. We assume

there is av, —"Y v, walk and av,_,—®Y v, walk and define that

s+1
g, =b(C,)r(R,_,,)—r(CHb(R,_,) and a,=r(C)b(R, ,)—-b(C)r(R,_,).
We consider three cases depending on the position of the vertex v,.

s+1?

Case 1: The vertex v, lies on the v; — v, path. There is a unique path

P,y fromv v;)+d(v,,V,),0)-path. Using this

V,

<1 t0 v, which is a (d(v,,,,

path we have g, =d(v,,,,Vv;) +d(v,Vv,). There are two paths PVC,V! from v,
to v. They are a (d(v,,,v)+d(v,v,)-11)-path and a
(d(v,,,v,)+d(v,V,),1)-path. From the (d(v,,,,v,)+d(v,V,)—-11)-path we
have q, =s+1—-d(v,,,,v;)—d(v,v,).From the (d(v,,,,v,)+d(v,,v,),1)-path.
we have q,=s-d(v,,,v)—d(v,v,). Hence we conclude that
A, =S —d(Ve,y, V) —d (v, V).

From (2) we conclude that

expin(v,, D?) > (s +1)q, +sq, =s* +d(v,,,,v,) +d(v,v,)  (7)

s+1?

for each vertex v, that lieson v, —» v, path.
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Case 2: The vertex v, lies on v,, — v, path. There is a unique path P,

c+l 10Vt

from v, to v, which is an (s+d(v,,,,v,),1)-path. Using this path we have
0, =d(v,,,,v) +1. There is a unique path P, , from v, to v, which is a
(d(v,,,,Vv,),1)-path. Using this path we find that q, =s—d(v,,,,v,). From

(2) we have

c+1?

expin(v,,D?)> (s +1)q, +sq, =s* +s+1+d(v,,,,V,) .

Since d (Vc+1’vt) = d(vs+l’vl) _1_ d (Vt 7V1) = d (V
conclude that

v,)+d(v,v,)—(s+1), we

s+17
expin(v,,D?)>s* +d(v,,,,v,) +d(v,,V,) (8)

for each vertex v, that lieson v,

c+l

— v, path.

Case 3: The vertex v, lies on v,,, —v, path. There is a unique path P,

s+1 41Vt

from v,,, to v, whichis a (d(v,,,v,)—d(v,,v,),0)-path. Using this path we
find that @, =d(v,,,,v,) —d(v,,V;). There is a unique path P, , from v, to
v, which is a (d(v,,,,v,)—d(v,,v,),1)-path. Using this path we find that
q, =s—d(v,,,,V,)+d(v,v,). By Lemma 2.4 we have

m oM [ﬂ{sz —s+d(v,.,,V,) —d(vt,vl)}.
I qz S

We consider the existence of v
(d(v

s+17?

—Vv, walk. Since the path P, | is a

s+1

v,) —d(v,,Vv;),0)-path, the solution to the system

Mz {f(PVM,V‘ )}:{sz —s+d(v,.,,V,) —d(vt,vl)}
b(R,..)]| s

is z=0 and z,=s. Since v, lies on C, but not on C,, there is no

to v,. We note that the

s+1’V1) -d (Vt 'Vl)
v,) —d(v,,v;),s+1)-walk.

s+1?

541Vt

(s*—s+d(v,,,,v,)—d(v,Vv),s)-walk from v,
shortest v,,, — v, walk that consists of at least s* —s+d(v
red arcs ant at least s blue arcsisa (s* +d(v,

s+17?

214 Malaysian Journal of Mathematical Sciences



Local Exponents of Two-coloured Bi-cycles whose Lengths Differ by 1

2
This implies [ﬂ > {S +1d (Ve Vo) _d(v“vl)} We conclude that
S+

expin(v,,D?) >s? +d(v,,,Vv,) +s+1-d(v,,V,)

=g’ +d(i/:l+’1,v1)+d(vl,vt) ©)
for each vertex v, that lieson v_,;, — v, path.
Now from (7), (8), and (9) we conclude that
expin(v,,D?) > s +d(v,,,,v,) +d(v,,V,) (10)

forall t=12,...,n.

We next show expin(v,,D?)<s®+d(v,,,,v,)+d(v,v,) for all
t=12...,n. We first show that expin(v,,D®)<s®+d(v,,,,v,). That is we

show that for every vertex v, t=12...,n, there is a

(s> —s+d(v,,,V),s)-walk from v, to v,. By Proposition 2.2, it suffices to
show that the system
s r(Po)]_[[s"—s+d(v,,v) a1
b(R,.)]| |s

has a nonnegative integer solution for some path P, , from v,, t=1,2,...n,
to v,.

The solution to the system (11) is the integer vector

d (Ve V1) +8b(R, ) =1 (R, , ) -b(R, )
Z:{ s—d(V,, %)+ (R, ) ~sb(P, ) }
If the vertex v, lies on the v, — v, path, then using the (s—d(v,,v,),1)-path
from v, to v, we can show that z, >0 and z, >0. If the vertex v, lies on
the v,,, — v, path or on the v,,;, — v, path, then using the (d(v,,v,),0)-path
from v, to v, we can show that z, >0 and z, >1.

s+17

s+1
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Therefore, for each vertex v, t=1,2,...,n, there is a path R, , from
v, to v, such that the system (11) has a nonnegative integer solution.
Proposition 2.2 guarantees that for each v, t=1,2,...,n, there is a
v,—" 5y walk with h=s*-s+d(v,,,v,) and I=s. This implies
expin(v,, D®) <s® +d(v,,,,v,). Considering (10) we conclude that
expin(v,, D?)=s*+d(v,,,,v,).  Proposition 2.3  implies  that
expin(v, D?)<s* +d(v,,,,v,) +d(v,v,) forall t=12,...,n.

We now consider the case where D® has two blue arcs with
different initial vertices.

Theorem 3.3. Let D® be a primitive two-coloured bi-cycles with cycles of
lengths s+1 and s, respectively. If D® has two blue arcs v, —»v,,, and

for some s+1<x<n-1 andc+1<y<s-1 then

X+1
V, >V,
expin(y, D?) = +d (v, 1,%) ~d (V0. %)]s
+ maX{d (v><+1 ' Vl)’ d (Vy+1’ Vl)} + d (Vl’vt)
forall t=1,2,...,n.

Sketch of Proof. For simplicity we define d,=d(v,,,v,) and

d, =d(v,.,,V;). We consider two cases, when d, >d, and d, <d,.

Case 1: d,>d,. Similar argument to the proof of Theorem 3.1 and
Theorem 3.2 can be used to show that
expin(v,,D?)=s*+(d, —d,)s+d, +d(v,,v,). The lower bound can be

found by setting up ¢ =b(C,)r(R,_,)-r(C,)b(R,_,) and
q2:r(Cl)b(R/y,vt)_b(Cl)r(R/y,vt)' The upper bound can be found by

showing that for each vertex v,,t =1,2,...,n, the system

Ms r(R.) _[s7+(d,~d, ~Ds+d,
b(R,.)| [s+d,—d,
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has a nonnegative integer solution for some path R, , from v, to v,. This
will imply that expin(v,,D®) =s* +(d, —d,)s +d,. Proposition 2.3 implies
that expin(v,,D?®)<s®+(d, —d,)s+d, +d(v,v,) forall t=12,...,n.

Case 2: d, <d,. Suppose there is v, —"2 sy walk and v, , —") v,

walk for some wvertex v, in D®. We shall show that
expin(v,,D?) =s*+(d, —d,)s+d, +d(v,V,). As in the proof of Theorem
3.1 and Theorem 3.2 the upper bound can be found by setting up
¢ =b(C)r(R, . )—r(C)Hb(R, ) and @, =r(C)b(R, ,)-b(C)r(R ,).
The lower bound can be found by first show that the system

Mz s reR, ) _[s*+(d,~d,~Ds+d,
b(R,.,) s+d,—d,

has a nonnegative integer solution for some path R, , from v, to v,. This
will imply that expin(v,, D?) =s? +(d, —d,)s +d,. Proposition 2.3 implies
that expin(v,,D?)<s*+(d, —d,)s+d, +d(v,v,) forall t=12,...,n.

Finally, from Case 1 and Case 2 we conclude that
expin(v,, D?) =s? +|d, —d,|s + max{d,,d,}+ d (v;,V,)
forall t=12,...,n.

References

Brualdi, R. A. and Liu, B. (1990). Generalized exponent of primitive
directed graphs, J. Graph Theory. 14: 483-499.

Fornasini, E. and Valcher, M. E. (1998). Primitivity of positive matrix
pairs: algebraic characterization graph theoretic description and 2D
systems interpretation. SIAM J. Matrix Anal. Appl. 19: 71-88.

Gao, Y. and Shao, Y. (2009). Generalized Exponents of primitive two-
colored digraphs. Linear Algebra Appl. 430: 1550-1565.

Malaysian Journal of Mathematical Sciences 217



Mardiningsih, Muhammad Fathoni and Saib Suwilo

Shader, B. L. and Suwilo, S. (2003). Exponents of Nonnegative Matrix
Pairs. Linear Algebra Appl. 263: 275-293.

Suwilo, S. (2011). Vertex Exponents of Two-colored Primitive Extremal

Ministrong Digraphs. Global Journal of Technology and
Optimization. 2 (2): 166-174.

218 Malaysian Journal of Mathematical Sciences



